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Iatreduction 


I, 


This Memo describes seme of the more important properties 

and manipulations of Hypergeomet r ic Functions, F (*}, which 

P 5 

may be useful in MATHLAB, A convention for representing 

{*) is adopted which is readily adaptable ta LISP operations* 
The most general type of HGF with which we will be con¬ 
cerned is a function of a single independent variable t x, and 
is parametric!zed by an "A" list, of length p, and a "B" list, 
of length q. The latter consist, in general, of atoms; the 
argument is usually x, but may also be a simple function of k* 

The power of the Hypergeometric Formulation arises due to: 
(.£} Nearly every Tabulated Function can be represented 
as a HGF, for example the entire families of Bessel functions, 
and Orthogonal polynomials, as well as Elliptic, Error, and 
Incomplete Gamma Functions- 

{ii) Linear operations, such as differentiation, integration 
{definite or indefinte), integral transforms, etc*, amount to 
simple manipulations of the list representations of the HGF* 

(iii) Analytic continuation is easily accomplished by opera¬ 


tions Which allow the variable, x, to map into 1/x, ?(/{x-l], 
1 -1/x, 1/(1-x), simultaneously with simple linear operations on 
the "A" and "B" lists* [This statement should be qualified to 



the extent that such continuations are aIwav3 possible for 


are not required for f where both p and q are 
less than two, and are not known — possibly do not exist -- 
when both p and q are greater than unity, 

(iv) The solution of a wide class of homogeneous DE's 
with nonconEtant coefficients, say, of the form: 

[ 5 ^ + b)t 4 e)y" 4 (dx 4 ejy’ 4 fy = 0 

can be represented as a HGF, after an appropriate change of 
variables. 

Other advantages of the approach could be enumerated, as 
should be clear. In essence, this is also the principal draw¬ 
back of the technique so far as user-oriented, applications are 
concerned, 

Itemizing: 

(ij It is time- and core-consuming to recognize and interpret 
properly into HGF-form an arbitrary function presented by the 
user. Once this has been accomplished the lowest-level operation, 
are rapid, as is claimed above. However, the result of the Latte: 
manipulations must also be represented in HGF notation, and now 
the process has to be "unwound". In general, this amounts to a 
fairly long sequence of tests for various linear relationships 
among members of the "A" and "B" lists, which, if satisfied. 
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identify the HGF as a known tabulated function. If these teats 


fail, then the ffGF must he returned as is* (It snould be men¬ 
tioned that if this happens to be the case, the user now has an 
easily computable series representation.) 

(ii) in the same vein, such an a11-or-nothing approach may 
he foolhardy* For example, if we wished to evaluate: 



we could represent'it as 



It works, hut who needs it? 

(iil) Algebraic and rational functions are difficult and 


awkard to represent in terms of Thus, when these are 


present in a function presented by a user, they must be sorted 
out and dealt with in a different manner* 

(iv) Similarly, elementary transcendental functions {i.e. 



transformation into HGF representation* 

(v) It seems from the above that the user must he subject 
to some fairly gtrict, though net Overly demanding,, ground rules 
as regards the convention of the ordering of the elements of the 
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function presented- Ail we ask is that these elements be 
ordered according to the following hierarchy: 

(algebraic, raticnalMIog, e x , ain, cos, etc. P ) (higher £ns.) 
For example, if the given function were 

F{x) - + f 2 (x} + **. + f n (x), 

then each of the f-^x) would be represented by an ordered triple 

a.g. 

]r , 

F(x) * X 9341 nr I Q {x) + log(x) 

((x**k)(sin x)(fhyp f)(1 )((x**2)/4]J) 

+ (U (log x)()) p 

where I c (x} ia the modified Bessel Function* 

I 0 (k) * p Fj_( :Irx 2 /*) * 

This format, or something similar (I am open to suggestions), 
should assist the interpreter considerably and help to avoid 
errors - 

(v) Concerning differential Equations {see I (iv) above), 
the fundamental solutions are indeed linear cosabinu t long of 
2 Fy{.) 's; there are Other SDlutioriE H Of course, depending on the 
solutions of the associated indicial equation. However, these 
can be constructed in a straight-forward manner by means of the 
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transformation and continuation formulas mentioned in I (ii) 
and I (iii) above* Similar comments hold for the Hypergeometric 
DE which yields as its fundamental solution* For other 

values of p and q, the question is usually rarely encountered P 
trivial, ox unanswerable* 

It should be made clear that the purpose of the research 
effort outlined herein is not intended to supplant or to rewrite 
substantially the present MATHIAS; rather, the aim is to augment 
the present capability for symbolic manipulation in order to deal 
with a wider class of functions which are often encountered in 
applications, and which are not recognizable by the present 
system,* Indeed, ag implied in the comments under "drawbacks 11 , 
above, such methods should be employed only as a last resort, 
when other more conventional techniques have fallen short* It is 
intended to be another tool in the hit,as it were, rather than the 
be-all and end-all* In its defense, however, it may be noted 
that the example given in ''drawbacks 11 ' (v) above* can be dealt 
with efficiently only be recourse to the HGF notation ana opera¬ 
tions, if any claim to generality is to be realised* 

*This expression, or its equivalent, occurs with appalling f tor¬ 
que noy in applications as diverse as MEU>, Quantum Mechanics, 
and Statistical Detection Theory* 
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The Theory of Hypergeometric Functions is quite extensive, 


and on the surface, at least, complex* Yet at the same time., 
it is very compact and very nearly trivial once all of the mathe¬ 
matical super structure, accoutrements, and other random 11 ele¬ 
gance a" and similar rubbish have been cleared aside. Essentially, 
an understanding of the entire body of proofs requires no more 
than a rudimentary familiarity with Taylor's Series and the con¬ 
vergence thereof, and th© technique of Analytic Continuation* 

The rest is Algebra. Th© most difficult and subtle task is to 
establish a basic set of ’'axioms" from which all other properties 
and operations may he derived* The search ie still going on, but 
it appears that they are at least four in number, and perhaps as 
many as seven* 

■ 

The principal references used below are Slater £1), Slater (2), 
Bateman (3), and Bureau of Standards (4}* 


II. Definition 

The Hypergeometric Function is defined by the Series: 


p F q (a l' 4 2' 


bipb^fcy 


A 


F (A ? E; x) 

p g 



xi 
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( 1 ] 



tbi) tb 2 ) f- ) it) ni 

■ L n *■ n q n 



wher e 


(a3_ r ^2' * * *,a } “ A, is the "A" list, of length p, 
“ Sr is the- "B" list, of length q, 


and 


Cc) k - {t+fc-l> l/(c-i) I 

* (cr) <c+l) (c+2) * (c+fc-lj 


where we assume that Tte is an integer, and x is the indepen¬ 
dent variable, where c is not an integer, the second defini¬ 
tion of (c) k can always be used; the first definition can be 
used if the factorial functions are replaced by the Gamma func¬ 
tions of (c+fc) and tc), respectively , In various applications, 
it may be of advantage to adopt ore of the three» 

lll« Elementary Properties 

tit should be pointed out beforehand that in nearly all 
''interesting cases" either p=q or p=q+l.) 

t i) Con Verg etice t 

(a) if p = g, the series converges uniformly for all 
real 3c. 
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(to) if p “ q + 1, the radius of convergence of the 

series is 1; however,, analytic continuation 

can generally be invoked to include the region 
|x|> 1: the singular point lies at x = 1; thus 
either series converges for jx| = I, arg(K) ^ 0, 

(c) if p > q t l, the series does not converge in any 
usual sense** 

(d) if p 4 g, the series converges uniformly for all x* 
(ii) Trivial Reductions : 

(a) if one or more members of the "A" list are sero, 
the value of the series is unity* 

(b) if one or more members of the "A' 1 list is a negative 
integer, say -N, then the series reduces to a finite 
polynomial of degree £0* 

(c) if any member of the "A" list is identical to any 
member o£ the "B“ list then both of these are 
deleted from their respective lists, and both p end 
g are reduced by unity, e-g. 

*There are ways of handling this situation, however, by recourse 

to the theory of MacRobext's E-function or Meijer's G-function; 
we will not consider these at present* 
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, Is ? fo, £ ; x) e (a ? c; X) t 

3 f 2 (l x 2 ( 3*2, 3;scJ = jF^i- jx ) *. 


(d) every is a simple algebraic function! 

o_> 

lFo ( a , :x) = c 

n= o 

- u-*r\ 


(e) every gF-^(.) ie a Bessel Function: 

P 

oV fa?JS > * ^-lt 2 * 5 ^ 


x 


F n f Faj-x ] 1 


r 


0*1 


fa) L 

fcl J a-lE2*n 


x 2 



f=> 


( 3 > 


(fj if one or more members o£ the ’'£■' list is zero or 
a negative integer, and cannot he cancelled by an 
an identical member from the "A" list, as in (c) 
above, then the series is undefined. 


It is worthwhile to digress briefly in order to amplify some 
of the eon sequences of this restriction <fj. it must be empha¬ 
sised that when at least one of the is zero ox a negative inte- 
g*r, we cannot represent the function in power-series form 
mgfully ~ no more, no less. This may or may not have a bearing 
on the question as to whether or not the function exists in some 
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other senge. The purpose of this aside is to illustrate some of 
the subtleties of the decision processes involved in the HGF 
formulation, and to point out that it has some limitations of an 
unexpected hind. 


Consider the function F(s;n) defined by the integral; 

fO 

t n-l 


F(s;n} = 


T(2n) ft 

(n) P(nl J f 


-at 
e dt 


p{nl P{nl J U+t ) 2n " "" 1 

(which happens to he the characteristic Function of Fisher's 
F-Distribution (4}). There is no doubt that the integral converges 
for n^ 1 and Re(a) > 0* but does it possess a Taylor's Series? 

Well, sort of* 

Let us attempt to formally expand F(s+n) as 


F (s; n) 




*Ts* Ftsajf) 


s^O 


B 


It is not difficult to shew that this turns out to be 


F(sjn} 


5"* (n) (n-t-11 


(n-1)(n-2) 


(n+k-1) 

-.(n^k) 




V"* (nj (n4l) , * * tn4-k~l]' _ 

^ (-h+1) t-h+1+1)---(-n+h} hi 


= y <n) k £ 

_= (nj 1-n; s) , by "definition 11 , at least in 

the purely formal sense* However, as is easily seen from the 
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first line above, the tern in the series for k * n blows up, as 
do all subsequent terns* The whole point o£ this exercise is to 
Show that a HGF with the or more zero or negative integer members 
in itg "B" list nay or may not represent a meaningful function. 

To repeat, this simply means that no valid Taylor h s {or LaurentJ 
aeries exists, Howeverj. integral representations often exist in 
such cases, as the present example demonstrates. A subsequent sec¬ 
tion will list some of the more important of these* 

At the risk of appearing to lapse into pedantry, one further 
comment must be made —■ and this is probably the most important of 
all. Most of us with a reasonable working knowledge of higher 
mathematics would probably take it for granted that a function 
such as F(sm), which is clearly well-behaved for n £■! and 
le(sj ^ 0, should possess a Taylor's (or other type of) series repre¬ 
sentation. Not so. The sleeper in this argument is the condition 
"RetsJ^O" . F{s;n) possesses an essential singularity everywhere 
in the left-half complex plane? furthermore, it is not analytic, 
and cannot be continued into the left-haIf plane* in brief, there 
exist well-behaved functions which can be represented only in 
integral form, and the HGF's encompass a wide class of these, at 
least formally. 
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IV* Derivatives 


Essentially the only simple general formula which can bo 
given concerning derivatives of HGF 1 s is 



taiV a 2) n ---< a p]„ 


' pV a l +n ’ a 2 + ”-V"’ 



b^+n, b^+n 



<4) 


The formulas given below for and can be gener¬ 

alized for any particular p P q pair with varying degrees of alge¬ 
braic effort. Their development involves principally ad hoc 
methods for manipulation of series, and is difficult to systematise 
(i> For p ■ g * 1, wc have 



(a) ?c a_1 .F. (a+nrbrx) 
n iL 4- 


n 


(5) 



{-l) tt (b-a} n 


a X (a?b-rnrx} , 


( 6 ) 
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f 


fd> 


ai ft f -x b-a+n-1 ") 

-[ e K jF^aTbjjoj, 

_ HV < -X 

( b-a * n e x i F 1 {a-nfb;x) p 

/ dh n f b-1 1 

1 * iF^ajb^lj 

„ f i T n j , , . b— l -"in 

f-1) (l-b) n ic (ajh-njx) 


tv 


m 


These four relations demonstrate bo* either a or b can t, t 
increased or decreased by an arbitrary integer, if we wish to 
change both a and b, the requisite operators are concatenated 
(see below, under Continguous Functions), 

(ii) for p ■ 2, g =f 1, the analogous four relations are 


(a) r^) n 
dx 


(c) 


* a+n “ 1 a *’i<a-U?c;jf)| 


(a) x 
n 


< 2-1 


2 *’ 1 i (a.+n,b*c;x) , 


(91 


(b) ( 


■ dh n T a+b-c ^ 

) |^U-xl a P l (a,b;c;*)J 


(c-a) n [c-bl n 




( 1 -x) 


a+b-c-n 


n 


^(a^ferc+n**) , (lo) 




n f c-a+n-X a+b-c *) 

2^ U-x) [a jbjcfxlf 

( a ^b r tof c?x) ,( 11 ) 


» (c-a)^^ E *” 1 (l-x) a-, ' b-(: ’" D 
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f!2) 



2 F 1 ^ a ' 



- < e -ri) n * C - 

The last comment of the previous subsection applies here* 

V* Integrals 

Most indefinite integrals which can be evaluated exactly in 
terms of KG-F’s are simply inversions of the results of the previous 
section* For example, the integral 




(i) TVo General integrals 

A vast number of definite integrals involving HGF * a are 
tabulated {see Bateman (3 ) t Tables of integral Trangfarms , Uola- I* 
II) * Two typical,, and fairly general, examples are 



o 



a ,r j b ,b ? ,-b 7 A/s) , (13) 


p 1 * q 


(LAPLACE TRANSFORMj 








V-l s-1 


F (A;Ejljt)dx 

p q ” ~ 


O 



(WELLIN TRANSFORM) 


(ii) Example: 

We present an example below which demonstrates the power gf 
the Hypergeometxic formulation. The integral under consideration can 
be evaluated by more conventigna,! techniques, but only by means of 
"intuitive 11 reasoning. 


Consider 



whore erf(x) is the Error Function * 



o 


It happens to be true that (see Tabnlation, below) 



Substituting, 


I 



V+l -(a+1) 3T 2 
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2 

Let X t: 



r (a+1)t 1 P 1 (Xj3/a r t).at 


But this is identical in form to (13}- Pi Logging in r we obtain 


i. i ru + V2i 

JiT - , ,, I + ky 


+ k/2 f 3/2 7 (a*!)” 1 ) 


I + k/2 2"1 


(a+1) 


Many readers will be singularly unimpressed by this result, Inasmuch 
as one problem (the evaluation of the original integral) has been 
replaced by one equally obscure- However, there are several replies 
to this objection, namely? 


(a) The integral has been reduced to a form which is 
easily computable numerically, should! the need arise. 

(b) For the particular case, k = 1, one of the members of 

the "A" list is equal to one of the members of the M B lf 

list (a 3/2), so that the F f.) reduces to a F (.} 

2 1 l U 

and the result is trivial (see Elementary Prpper t ie a , 
above), 

(c) The function is subject to a number of variable 

trails format ions ( Analytic Continuation , below) and 
simple manipulation of the parameters A and E ( Con ¬ 
tiguous Functions , below)„ These may be invoked for 
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tootli numerical and theoretical reguireinenta. 


One of theae happens to transform the second 
expression on p, 16 into 


1 



r.i i + h/2} 

a * £a+l) 


a*i(i. 


1 -k. 


3/2j - A) 

a 


It follows that if k ig a positive odd integer ,, 
then a member of the ''A" lja is a negative integer , 
and that the i® a polynomial of finite degree 

(gee Elementary Properties , above). 

(d) It turns out that even if k is a positive even 
integer there are sti 11 some tricks left in the bag, 
to be described Hubsegtiently. 

(e) If k ^ we can be fairly well assured 

that the representation given in paragraph (c) above 
or the second on p. 1& is the best available. 

For the record, it is hot difficult to show that the original 
integral (middle 15), using more ^d hoc methods,* can be reduced 


to: 


T a + k/2) 

JrT: 


L k+1 


'■1 


tan ^(1/a) 


cos k+1 (S) d 


+by writing erf(x) in its integral representation, switching to polar 
coordinates and performing the r-integ^al. 
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For arbitrary values of a and It, tip compact closed form is 
tenown for this Integra L 

{iii) It is usually desirable that the argument of the HGP 
be the independent variable, x f itself, rather than some f(nc) , 

If not, then, in general we perform the substitution y = f(x) and 
simplify throughout. If this restriction proves to be impractical 
then it can probably be eased somewhat to allow arguments of the 
form +ax or +ax^, 

(iv) The cases in which the integrand involves the product of 
two or more HGF*s lies beyond the scope of the present descriptions, 
when only two pFg{.)'s are involved the integral, if it converges in 
any reasonable sense, can be expressed in terms of the aforementioned 
E- and G-functions. For three of more HGF's in the same integrand 
closed form results are available only in special cases. 

(In particular, the last integral given in Bateman (4) , Integral 
Transforms , Vol, II (andt if a "God” integral exists, this has to be 
the closest Jen own approximation) is 



o 



(f /a 



( 15 ) 


IS 






which is impressive sort of in the same sense that a 5GO-pound 
canary is, G fete,) is Meijer’g G-Function, which includes IMF’s 
as a subcla ss.} 

The limited results of this section ate intended only to indi¬ 
cate the potentialities of employing the HGF notation for evaluating 
integrals. However, a surprisingly large number of integrals which 
arise in applications are of the form of either Eg, (13) or Eg. {14} . 

in the next section a listing of Integral Representations for 
HGF 1 s is given which widens the present catalogue of integral 
properties • 

VI. Integral Representations 

Simple integral representations of ^F^(.) exist, only for 
-^F^ ) -sod (.) for general values of the parameters, excluding 

the elementary cases n F_(*), F (,), F (.)„ For other values of 
p and q the two integrals d£ the previous section may be utilized 
iteratively to define any given pF^t*) in terms of multiple integrals. 

Therefore we emphasise the (single- } integral representations 
of F [,) art| 3 2 F i^"^ sect i° n ' 

(i) integral Representations of ^F^afbjx): 
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. Ptb) f 1 b- 1.. . b-a-l 

(a) j.fjlsiiix) - r(a)r(b-»}J t (1 - t) 


xt 

e dt t 


(b) 


(c) 




And, in general. 


(e) 


r (to) l-b f .vj** 1 . 

- r<>-=o r w * X s v 

= _— C - L^ L- jf ~-WJf b-a-1 * 

p(b-a)P(a) & 7 q 

' tX-w) a_i dw, 

= r 1 e -“/2 {1+s ,b-2 

P(a)i (b-a) 


a- 1 

' (—=*) ds « 
1 +e 


P lb)exp |-~"1 

r „ • 

P (b-a)P (a) 

{d^| (u-c )*” 1 (d-np " 3 " 1 


du 


where, in All cases, we aeauine that Re(b) y Re ( a) ^ 0, 


(ii) Integral Representation of (a,b?c;x) ; 


( 16 ) 


(17) 


(18) 


( 1 *> 


. ( 20 ) 
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{a) 2 F i (a,b?c?>t) 


PlO f s b-l 
r (w r* (c-w J. 


fl+sO a ~ c (1+5Xl“ a dfi , 


(21) 


(b) 2 F 1 (a,b:c;l-x) 


JIM. 




/: 


b -1 * 


(l-t)^ 15-1 (l-xtp a dt , 


( 22 ) 


(c) 2 f i1 /x) 


TWi 


rid-- r 

orlc-b) 


(s-D 


t-b-1 


* s a C (s—z)" a ds , 


(23) 


(d) 


crt 


r (c) 


ptb)P(e-b) 


X 


-bt 


_t C-b -1 _ a 

U-e ) {1-ae t ) a dt 


(24) 


Since a and b are equivalent parameters,, another set of four relations 
can be generated simply by interchanging a and b everywhere * As 
above, we xeguire that fte(c}> Re(h) (or Re(s))>CL 

(ill) Tlier e are a large number of alternative Integral Repre¬ 
sentations, of course, which are obtained by transformation of the 
variables of integration* These have been omitted for the moat part 
for reasons given in the subsequent remark* Also, any F (*) can be 

r ^ 
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represented in terms of a complex contour integral Known as a 
Mellln-Barneg line integral (Slater (1) „ (2) } . l?hese representa¬ 

tions have also been disregarded, at least for tne present„ because 
of the difficulty of establishing simple rules for the selection of 
the proper contour of integration, aa well as the lack of a mechan¬ 
ism for performing Residue Calculus* 

(iv) Throughout this Memo it has been implicitly assumed that 
the independent variables of the HGF are simple functions. Whom 
this is not the case, especially in applications involving integrals 
and differential equations, it would seem to be more efficient to 
first make an appropriate change of variables and then apply a rela¬ 
tively small amount of sorting to the result, as opposed to having 
to deal with a much longer list of more general forms, 
for example, given 





'0 



J 
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according to formula (ii)(b) of this section* 


This reduction Is not trivial to recognize, of conned* The 
motivation is to seek out the ''most troublesome" term in the 
expression — the denominator of the integrand — and break it down 
into simpler terms, in the hope that the procedure does not make 
an even worse mess of the remaining elements of the expression, in 
this sense, it is difficult to define ''most troublesome" in a succinct 
manner. For this particular cage, an equivalent but less direct path 
for the reduction would he to let 

2 

y ** sin(t), then x ■ y , or 
y = eoaft), then x = y^ r 
assuming we "know" that sin^tt) ■= 1 - cos^ft). 

On the other hand, given an integrand which involves only trigo¬ 
nometric (or hyperbolic) functions of the independent variable, the 
substitution y = sin(t), or cos(t) (sinh(t), or cosh(t)) reduces it 
to a purely aIgebraic expression; if further reductions are required., 
they shotId then be relatively easy to spot. 

VII. Differential _Eguations 

The discussion in this section has been purposely abridged 
principally because an exhaustive cataloguing of the homogeneous 
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solutions of £>E’s of the Hypergeometric type would tax the patience 
of the reader. Furthermore r these are well documented in References 
(1), (2), and (3), Therefore, the remarks below are principally of 

a general nature. However, efforts being made at the present 
time to reduce this detailed classification to a less unwieldy aet 
of fundamental procedures and operations. 

The most general land essentially only and basic) solution 
technique for linear PE's with polynomial coefficients is that of 
Frobenius (Slater (1), (2))* Other, more concise methods are 
nearly always limited in scope and are generally equivalent to 
Fxobenius" in any cape. 

The advantage of the HGF formulation is the fact that the behavior 
of the solutions with respect to the nature of the singular points 
and other types of limit properties are compactly "encoded" 1 into the 
"A" and "B" lists. 


£i]> The General Hypergeometric Differential Equation* 


The series D Fg(A;l3?xl 


satisfies 



(x^ + 

cht 




1 ) 



1) 







0 . 


(25) 
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The order of this DE is max(p f g+1)* 

For further elaboration and classification of singular points 
see Slater (2), pp* 42-45. 

(ii} Gauss' Equation; 

The series (a , h;c; m) , known ae Gaues K EGF, satisfies 



See Slater ( 2 ), pp. 5-13. 


(iii) Kuramer ' & Equation: 


The series (Kununer ' s HGF3 satisfies 


* ^ + (b-x)£ - ay = 0 . 
dx z 


(27) 


See Slater ID* Ch. 1. 

{iv} A Class of Second-Order Linear DE's; 

Suppose wa are required to find the solutions of the homogeneous 
equation 



{2Q} 


where p 2 (x), and Pq(x) are real polynomials in x. 
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We inquire: can the solution(s) we written in terras of, say, 
g(x) ‘aFfcUpfcrcjpx + q), 

where g(x) is an elementary function? The solutions might also 
involve 2 Fq{ 0 , ^F^{0,i OT - Then a^ain, it may be true that 

the DE is not of Hypexgeometrie form* The details for transforming 
any given DE into the latter have not yet been -completely worked 
out — in fact, to the best of this writer's knowledge, it has never 
been attempted — and there is a strong possibility that it may be 
simplex in general to automate Frobenius* method* On the other 
hand, the great majority of DE 1 s of this form which are encountered 
in applications possess solutions in terms of 2 p i{*) ° r i F i^' 

By testing for the location and nature of the singular points of the 
given DE, which is a fairly straightforward task conarating mainly 
of finding the roots of the >.(x) , the possibilities can be out down 
significantly also. 

{v} General Linear DE with Polynomial Coefficients: 

A great deal of additional work is required in the area of the 
investigation of HGF 1 s in the DE context* This is not to say that 
most of the results are not known — rather, they are numerous and 
widely dispersed throughout the literature and require systematization. 
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The best efforts to date are due to Slater((l) and (2) t but there 
Is much left to be desired, especially where the aims of MATHLAfl 
ate concerned* 

Suppose we are given 



(29) 


where the p^lx) are reel polynomials in x. The conditions under 
which this DE can be transformed into the Hypergeometric Equation 
are not }cnown in general for n ■ 4, and only in principle for the 
cases of n ■ 4 or 3* (The latter requite the solution of system a 
of algebraic equations of degree 4 and 3 respectively*) As before, 
by locating and classifying the singularities of the equation, it 
may be possible to determine if the given DE is not of Hypergeometry 
form? however, if we cannot prove that it is not Hypergeometric, it 
may etill be or not be Hypergeometric* The Hypergeometric DE pos¬ 
sesses at moet three distinct singularities! if the independent 
variable is x these lie at 0, 1, and infinity.. The singularity at 
the origin may be reular or irregular? that at 1 Is regular or 
removable? that at infinity is regular or irregular. 
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VIII. Analytic Continuation 


Analytic Centinuation Formulas are known completely only for 
the HGF ' s C-) - ^{.h and the trivial case for other 

F (*)'s these can nearly always be generated; in any particular 
P 3 

ihstance, but only by resort to fairly sophisticated techniques 
which require a thorough background of complex variable theory, 
and thus lio beyond the limited scope of the present study. 

(Analytic Continuation and the closely related topic of Con¬ 
tiguous Functions ( discussed in the following section, are useful 
principally for numerical applications and also for the investiga¬ 
tion of asymptotic properties* See remark (ivl below.) 

{1) Trivial Case: 

i F 0 (a : ; x) - (l-*)"* B x _a (1 - l/x) _a 

p -i*ra 

- -- .FJar i 1/x) * (30) 

3d 1 

(ii) Kummcr's Theorem: 

-jFj^arbist) = e x {b-a , 

e x ^(aibj-x) *= j?^Cb-arb;x) * 
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or 


7 


J 


(31) 





(idi) Gaugs--.Euler Reductions for Gauss' HGFt 


( a 3 ^U.bjcjx) = (1-x) 


e^a-b 


F-, (c-a;e-b;C; x) , 


2 1 


m) 


(t) 


fc) 


id) 


(1 '*> 2 F 1 (a,c-l>f*i ^} , 

T^-afric-to)' 2 V a,bra+to “ c+iji - x > 

+ U-x) C ~*~ h r 1 ^)Ha+b-c) , 

fW(b) 

‘ 2 f 1£ c_a t C-b;e-a-b+1:1 -k) f 


£33} 


£34} 


-- _T! ( c )T b-a) r -a 

rfb}P{c-a} t " xJ 2 F 1 (a,l-c+a ? 1-b+a * 1/x) 

+ f^ric-b) <^ rb 2 v b - 1 - o+b ' i- a+ b. i /x) 


£35) 


£e) 


(ajC-bfi-b+l; _i_i 
1 -kt 


- (I-x)* a ■i.{g)T'(b-a) p (! 

T^ibinc-a) 2 11 

+ u " ltr * > ' rialri^Ib) 2r , 1 (b, c - a ,-b- a+ i ; J_) , 


1-K 


£ 36 ) 
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Cf> 


a HclPfc-a-tO 


3c -a F (apft-e+lja+b-e+irl - A) 

‘ * Y 


X 



C-a-b 

X 


■ F (c-a,l-arc-a-b+ljl - A) 

* i X 


( 37 ) 


The conditions under which these transformations are valid is 
usually equivalent to the requirement that the arguments on both sides 
of the equality are defined t and that the various Gamma. Functions do 
not possess aero ox negative integer arguments.. 

(iv) General Remarks: 

Analytic continuation is applicable only when p = g+1, or p = q* 
For the case where p> q#l, the HGF is not analytic, and when p< g the 
series converges uniformly everywhere fsee Elementary Properties (i) 
above)» 

The usefulness of Analytic Continuation arises in both numerical 
and theoretical areas* For example* we may wish to evaluate a 
^F^ (a.iirc;x) for large values of >:. Direct substitution into the 
scries may lead to an unwieldy calculation* due to slow convergence. 
However, we can transform* x ■ -> 1/x ^see previous article) and the 
resulting series will converge relatively quickly as * On the 

other hand, the purely analytical advantages are well demonstrated in 
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the example given above (V{ii)> where the (.) which emerge^ from 
the woodwork {lire 4 p„ 16 } wag transformed into a more readily inter- 
pretafole form {line 4, p, 17)* 

Another valuable numerical and theoretical tool arises from the 
contiguous properties of HGF's, discussed in the next section, 

IX* Contiguous Functions 

The two HGF's F (A';£■;*) , F {A";B";x) are said to be contiguous 

X* 4 Jr ’‘i 

when all parameters contained in their respective "A" and "B" lists 
are egual* except tor one pair of parameters (from either A or B}, and 
these two differ by unity . 

For example, 

a F 0 (a if a 2 r :x) f 2 F 0 {e lJ a 2 +l ? r x) 

1 F 2 (a 1 ih i ,b 2 *x) ^2 b 2 I K ) 

are contiguous pairs,, but the pair 
^F 1 fa;b?x), 1 F 1 (a-lfb+lfx) 
is not* 

However ( the last pair of functions are said to be associated . 

In general, two F (.) 1 s are associated if the respective elements 

If 1 

of their parameter lists {both A and B, pr either) differ by integers 
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or sero* 


It is not difficult to show froth the differential properties 
(section IV) that a linear relationship exists between m+1 contiguous 
' s, where m is equal to the order of the associated DE (Eq. (25) ), 
i*e. ■ max (p,q+I) * for example, for 2 F i^*J or l F l (*) ^ the number of 
functions in the expression is three „ Furthermore, it can he shown 
that a similar three-function relation exists between any three 
associated 2 F l' s ox i F i r s« 

The term ’'linear" in this context means that the coefficients of 
the various ^F^'s in the relationship are linear functions of any 
specifically chosen parameter, or the independent variable. For 
example, one (of six) contiguous identities for F^*) is 

to - 1 F 1 (ajb?x) * b * ^(a-libjx) - x - iFi(a?b+l;x) - 


The implication cf this result is that, in the cases of 
and jFj_(.) at least, we can compute: 

(a) 2 F ^( a4m H b+n; c+1; x) from 

2 F^(a,b;e;x) and c+irx) r 

for example. 

(fc) -^F^ (a-nmjb+nj x) from 

2 Fi(a;b;x) and ^(a fb+ljx), 
for example^ 
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where )n, n and 1 ere integers, positive or negative. 

For other values of p and q, it is generally simpler to iter¬ 
ate contiguous relationships in order to calculate an associated 
function. 

Complete listings of the contiguous relationships have been pre¬ 
pared only for f.J and These are not given here for rea¬ 

sons of space, but may be found respectively in Slater {2} f pp* 13-14, 
and Slater (1). p* 19- 

It should he remarked that the derivation of contiguous relation¬ 
ships {i.e. the determination of the coefficients) for general values 
Of p and q is by no means trivia 1, The calculation requires fairly 
careful handling of power series relationships, and there is apparently 
no general systematic technique. 

We recall for a moment the remark made above, Section V {ii)(d), 
concerning '“tricks’ 1 ; all 2 F i Hfi the form appearing on that page, 
where k is a positive even int eger , are associated functions, it 
follows from the results just presented that if we know the value of 
the integral for k = 0 and 2, say, we can generate in a simple manner 
the values for k = 4, 6, 8, *•» 2n, .... In fact, this starting pair 
is easily calculated from the integral on the bottom of p, 17 by ele¬ 
mentary methods. 
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X, Tabulation Functions Repreg entable in flYpergeonnetric Form 


In this section we list seme of the more widely known higher 

Transcendental Functions which can be expressed as F {♦)•« 

P 3 

The trivial cases (.) and q F j.(') have already been mentioned 

(Section III) and will not be repeated. For completeness„ we should 
include in this category the rather obvious identity 

p F p (AjA;jc) = e* * 

The reader is cautioned to be wary of notation? the one employed 
here is generally that of Ref. (4), since it seems to represent a 
reasonable compromise among the particular variations which are encoun¬ 
tered in a cross-section of the different scientific disciplines. Also, 
Ref. (4) nearly always catalogues the most common variant notations for 
each of the functions as they are introduced. 

(i) Functions Representable toy yFi(a?b?x)j 

(a) Bessel Functions 

F (a?2ajx) ■ Pta+^e*^ 2 i ,(x/2) . fl&) 

1 1 a- 4 ; 

Depending upon whether a is an integer or half of an odd integer, 
positive qt negative, and whether x is positive, negative or imagi¬ 
nary, a variety of differently named members of the family of Bessel 
Functions can be generated. {See Ref* (4), Eqs. 13.6.1 13.6.7.) 
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(b) Polynomials 


1 F 1 C-n;brxl - J!ii_ L n (b 11 [x} , (laguerre) (39) 

J n 

When b - 1/2 and 3/2, we obtain respectively the even- and odd-order 
Hermite Polynomials t 

‘ t£tt 1 

1 F 1 (-n;3/2,x) = ( j"; iK I- 5 !) " H0 2n+1 ( ^> ■) (*<» 

(hermite) 

Another type, essentially the same as (39), is 

, 1 . h tt/2 

P (-n;-^ 4 l; K ) ^ p n (V,?ri . ( 41 ) 

{-n+<+l) n \ n 

(FOIB50N-CHARLIER) 


(c) Miscellaneous Functions 


^F 1 (a ra+l^-x) ■ ax a if(a,x) 


When a — i;, this reduces to the error funotiont 


{42) 

(INCOMPLETE GAMKA) 


1 F 1 (Jj;3/2t"X 2 ) - erf(x) 

4rX § 


(ERROR) 


( 43 ) 


A generalization pf the Hermite polynomials, just cited (40) t is 
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(44) 


F ± { ^/2 f l/2,x] = ^e* /3 xJQ) im) r 


F i {l/2 - *&2: 3/2: x) - —^ 2 B^ I} (J2x) . 

(PARABOLIC CYLINDER) 

{45) 

(TORONTO) 


{3!±i,; n+l f - r 2 ) “ fl „ - L r _^^ W L 1 e r T{m,n il r) . 


TO) 


It diould be borne in mind that Kumnsr'e Transformation (Eg.{31}} 
can be applied throughout ( essentially doubling the si^e of the Xist^ 


(ii) Functions Representable by 2 F^{a,b;c:x)j 


(a) Polynomials 


(x) 


rtn-nc-H) 

n'n+iirw+D 


2 F 1 (-n,n+*C+^+lr ) , 

(JACOBI) 


(4ft) 


(Clearly, any w bich reduces to a finite polynomial can be alters 

natively represented by a Jacobi Polynomial by means of a proper choice 
of n„ *1, and S. Furthermore, by employing the Analytic Continuation 
formula a of VIII(iii) at least five more representations equivalent to 
{46) can be obtained«) 


C n U) (x) 


n^ rt ) 

n:P(2«0 


2 F 1 (-n,n+2« r <f+h? 



(4?) 


{gegeneauer) 










T p (x) = 2 F l (-n,n; hi ~ ) , 

) 

r (48) 

U n {x) « (n+1)-^Fif-n.n+lr 2/2 7 Ali ) . J 

1 

(TSCHEBYCHEV) 

P n (x) = If —^1 - 

(LEGEHDRE) 1491 

The results of {47)-{49> are, of course. 

subject to the transfer- 

mations of VIII(iii)■ where valid. 


(b) Elamentary Functions* 


2 F- l ( 1, ll 2fX> - log (1-x) * 

(503 

-^*.1,3/2,*!) . _i 

(51) 

^ V2tx 2 > - i 5in _I (x) . 

(52) 


{53} 

, n , *s.-2a -2a 

jFjJa.a+^fX) - ^- + 2 

(54) 

r h'\ i" 2 * 

^(a-^afSa^x) » jj— 2 ^ ^ j 

(55) 
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2 F jL {2* # a+l;a;x) 


14 a 

(1-X) 2 ^ +1 


(56) 


(Notice Ilia t the last three results can also he expressed in terms 
of simple functions o£ 1 Fq(.)^s-) 

(cj- Other Function?: 


^^htitx 2 ) K (x) . 

=1e(x) . 



(57) 


{COMPLETE ELLIPTIC INTERVALS) 


2 F 1 (p,l~q:p+l ; x) s px P (p f <5) . 

(INCOMPLETE SETA) 


l*8> 






rialCfb) 


E{a,brc,-- —t 
x 


(MACROBERT' S E-) 


_He) 

P(a)r(h} 




(MEITER 1 5 G-) 


(59) 


( 60 ) 
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(1 + Ji) n to N terms; 



1 ^^ {-n r r~x) to eg terms 



( 61 ) 


(TRUNCATEC BINOMIAL SERIES) 


(Gee generalization in next section.) 

(i i i) other Rear es ent a tion s: 

For p F q' B other than cases already listed, the reader is 
referred ta Slater (2), pp. 46-7, and Bateman (4), Higher Transcen¬ 
dental Functions , Vol* II, under "Generalized Hyper geometric Series'"* 
One result which is of interest, much like that of Eq. (61) 
above, is the following: 
e x to N terms 


1 + * + fr * 

■#! 'B 



a o F 0< * **) N terms 


N 3 2 F o(’' N - i ' ' 


1 


) - 


3B 


( 62 ) 

(TRUNCATED EXPONENTIAL SERIES) 




[Notice that although it was stated previously that if p > g +• i 
the associated F„{*) is undefined in general, this restriction 

P g 

does not apply if one or more members of the r "A" list are nonposi- 
tive integers, in which case the series terminates in a finite 
number of terms, as in the present example,) 

All other truncated series of circular and hyperbolic func¬ 
tions can be represented in a like manner. For example, 
cosh x to B terms 

= ^{e^ t e K ) to N terms 

» h - ^{ 2 F 0 (^N,lf t - -i) + {-1) K 2 F 0 <-N, i? f I )1 , 

W. y x x 


Ml. Miscellaneous Result 3 and Random Eacts 

This e action lists some useful and powerful properties which 
do not fit neatly into any of the above categorisations, 

(i) Truncation of Series 

Suppose that we are given a power series whose individual 
terms are of the form of those of a ^F^J,), but which ie terminated 
after N terms, as in Eqs, (61) and [62) above, We state the follow¬ 
ing theorem, t 
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- ' { a p } p] 3^ 

-t b Q^H W! 


q+2 F p (l-N-B, ~N H If 


1-N-A; 




( 63 ) 


whexe l-H-B^(l^bx) . (l-N-bs), .... U^N-b q ) , 
l^N-A^d-tr-ax) . (l-N-a 2 ) H ..., (i^N-ap) . 

Eg. (63) is a generalization of the aforementioned example?* 


fii) Reversal of Series 

A closely related result applies to terminating F K s, i.e. 

HI 

those which possess 0 or a negative integer in their ir A n list, 
series can be expressed in terms of powers of (1/x) as follows t 


F 

&<1 


a 2 4 


b^,l?2 j ’ *-bq" *■) 


( 31 ) 01 ^ 2 ) 511 * * + ( a p-l)ni 


■ g+J F p^l l^nif 

l^ft: , . 


(64) 
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(iii) Particular Values of the Argument 


Pox certain F^s, especially when p » g+1, the aeries is 
amiunable in closed fenn when the independent variable tabes on 
special values* Some of these are listed below. 


* / * _ -i ■, , P(c)r(e-a-b) 

2 F 1 { ' ' ' ] p Cc-a)pEc-b) * 


(65) 


jFi (a,b? I+a-b; -1) = 2’* Ct 1 * 3 "klT i 1 * a / 2 ) — 

11 r(ltaF(l - b + a/2) 


( 66 ) 


2 F 1 (a J . !-a; C; Jj) 


2 

p ( .a±£,r(ii^r 


(67) 


A few others for (*) can be generated by means of the 
Analytic continuation formulas given above- For other pF^'s Df the 
form F ( + ), with particular arguments, sea Slater (2) r pp* 48-84. 

P+1 p 

(The underlying theory of the latter is guite deep, and is of purely 
abstract interest for the most part, in any case.) 


(iv) Confluence 

The adjective ’'confluent' 1 is often encountered in the literature 
of Hype rgeometric Functions. The word means, literally, "running 
together". in the present context, the term denotes the "running 


42 







together' 1 of the singular points of a F ( .) at one and infinity* 

P q 

To fully appreciate the manner in which this is carried off would 
require a lengthy and complicated discussion of the DE theory of 
HGF^. For eznample, if we make the change of variables x— +x/h 
in Gauss 1 Equation (26)* and then let b—t-cu (carefully) we obtain 
Hummer's Equation (27) (with b replaced by c) ♦ 

Roughly speaking, 2 F 1(a,b;c;arg) possesses a regular singu¬ 
larity when arg « 1, as well as the singularities at arg ■“ 0 and 
oq; thus, if arg - x/b, the "middle 11 singular point lies at b, 
and thus goes to infinity as b->oo (to join the one already there)* 
All of this is easier to visualize in terms of power series; 
suppose we want to '-do a confluence” on a given F g (*> with respect 
to a member of the "A" list, say a ( the last member). We can 

jP 

represent the operation symbolically as 
CONFLUENCE (pFg (A; B;x) ) wrt a p 

p X 

* Lui ( d F( j (flu At, * * *3 t a ^ Bj ) ) 

a p -»«. P-1 p - *p 

= p_j|Fq(ai,a 2 , ...a p _ i: 1? *>* (68) 

This result is fairly obvious if one recalls Eq* (1); the 
only terms in the summand which involve a p constitute the ratio: 
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(a p ta p+1 ),--(^ i>+n - 1 ) 



= 1(1 + 1/a HI + VaJ...(l + , 

C P =| 

a P 


which clearly goes tp unity as a p —thus wiping out all trace 
of a and leaving the independent variable unscathed* 

■T -1 

Thus, briefly, to obtain a confluent form of a P f.K pne 

P q 

member of the "ft," list is deleted and p is reduced by one. 

By way of justification of all of this verbiage, which may on 
the surface appear to be describing a fairly trivial property, let 
it be noted that Slater (11, (2) employs confluence nearly every¬ 
where to demonstrate theorems regarding ^f^ j s by "doing a confluence" 
throughout the analogous theorems for 2 F l - (The overall theory of 
the latter is richer and more versatile.) In the same vein, but in 
reverse, this writer has on several occasions dealt with a recalci¬ 
trant (■) t&ay, in an Integrand> as follows: 

Let 

(a:c;x)—> 2^1 fa,b; cjsc/b) , 

play 2 F i^ ty P e 9 a *ies, get an answer (if possible), and then after all 
the dust has settled let b—If the result makes sense at all, 
it ie probably correct. 
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(v) Remarks 


There area large number of other isolated properties of kqr 1 e 

which are not described here in detail for reasons of space and 

present applicability- The mast important of these concern: 

Addition Theoremg r i*e* the expansion of pF q (A:Brt+y) in terms of 

pfq l 's involving X or y singly; similarly, Mu It ip 1 i cat ion Theorems 

for F (A;B;xv ); expansions of „F,-, (.} in terms of HGF "s with smaller 
p q — PH 

values of p and/or q . (As an elementary example of the latter,, 
recall that can be Expressed alternatively as ( . J or 

l F lf'^ 

For further documentation, the reader is referred to Slater (1), 
{2), Bateman (3), or the Bureau of Standards Table {4). 

XII- Important Omissions 

At several junctures in this report this writer has passed 
over or detoured subject matter which should properly have been 
included, but for the fact that the text would have at least doubled 
in size. Considerable pains have been taken to sift through the body 
of theory in order to simultaneously maintain readability, pertinence 
and brevity, and wherever gaps or incomplete listings have arisen r a 
specific reference has generally been provided. 

However, at least two significant topics have received inadequate 
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attention. 


(i) Differential Equtions: 

As indicated in the closing remarks of section VII above, 
the theory o£ HGF's as applied to linear ordinary pE' s with poly¬ 
nomial coefficients requires extensive study, A tabulation of 
the known results was not included because, at least to the insight 
of this author, no "pattern" seemed to emerge, except at the elemen¬ 
tary "Frobenius Method" level* * 

(ii) Associated Kummer Functions: 

Associated Kumar Functions constitute a class of solutions 
of Kmnmer's Equation (27) for which is not valid* in 

many cases, these functions (usually denoted by tf{a;bjx)) can be 
written in terms of ^F^s? when they cannot* they are nearly always 
characterised by logarithmic singularities or other types of branch 
points near the origin- 

The principal reason that these were not mentioned is that 
the associated theory parallels that of ^F-^*) except for a number 
of nagging exceptions which are just sufficient tq create confusion 
(very much like attempting to match up trig-function and hyperbolic 

K 

function identities*)* Eventually, of course, these functions will 


■? 2 

* cosh* x + sinh x - 7 (quickly* now) 



have to be included, but it was felt in the course of the prepara¬ 
tion o£ this report that the penalty in terms of length and reader 
attention did not justify the relatively minor virtue of a more 
complete presentation, 

A listing of functions representable by yta;hrx) is given in 
Ref, (4), p, 510, It can be seen by comparison to the list on 

p. 509 (for (afb F x)) that the degree of nonoverlap is not serious. 

XIII, LISP R cpre s ent ation 

ft. Fateman has suggested that the following format be adopted 
for LISP representation of hypergeometric functions: 

p (ArB:x) 

P 9 

* HmfHYP P Q) U x A 2 ... A p i {B 2 e 2 ... J3 q >*) {69} 

The car of the right side identifies the function as being a 

F {-); the cadr and caddr are the “A" and 11 B“ lists, respectively, 

P q 

and the cadddr is the independent variable. To be slightly more 
general, the last element should probably be replaced by {'FUNCTION x) 
or a quoted lambda expression, in the event that the independent 
variable is not x itself. 

The inclusion of the parameters P and Q in the car is admit¬ 
tedly redundant, inasmuch as their values are specified by the 
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lengths of the rt A" an4 '“B” lists; however, it appears at this time 

that it is more convenient in the long run to have P and Q 

available at a £aixly high level in the form of atoms rather than 

cluttering up the lands cape with express ions lilts (LENGTH (CAD A Y}) 

and so forth. Furthermore* the decision paths which determine how 

a particular F (,) is to be manipulated branch at a very early 

stage, depending upon the values of F end 0, somewhat as follows. 

After reduction (i + e, cancellation of common members of the 

11 A" and H| B" lists), we examine P and Q to see if qFq(*), 

or F (,) has emerged; if not, then test for j_F^ ; if T, then 

1 0 

branch to a recognition package for if not, teat for 2 F i^ ; 

if then branch to a recognition package for 2 P^(f)j otherwise; 

(a} If "A 1 ' list contains 0 or negative integers, and "E" list 

does not, the P^M is a finite polynomial- 

(b) If 11 B“ list contains 0 or negative integers, and "A" list 

does, not, function is undefined, 

(c) If both "A" and '•£" lists contain 0 or negative integers, 
and all such members of the "A" list are greater than aU such mem¬ 
bers of the "n" list, then function is a polynomial; otherwise 
undefined. 

(d) Otherwise (i«e. none of "A" and/or '>b m lists are & or 
negative integers} function is defined in terms of an infinite 
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series if p^g+li- undefined otherwise, 

A flow chart for this logic is shown in Fig, 1, by way ©f 
example. Other packages fox integrals , derivatives, and differen¬ 
tial equations have also been flowcharted, {See remarks in 
Conclusions , below,) 

The overall input is assumed to be a HOF which has emerged 
from lowest-level operations in "unrefined' r fomij i,e. the package 
is presented with a F (■) with no a priori knowledge, We call 

p q 

this input G, and the output of the reduction routine F, The nota¬ 
tions "T" and M N1L" on the branches denote N yes" and “"no 11 ; a^ and 
hj denote meitbcrs of the "A 14 and "B" lists, 

{1) HYFREDUCE 



Fig, la , (G 1 denotes the reduced form of G which omits a^ 
and b., if they are equal and reduces both p and q by 
unity,) 
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(ii) HYPSQRT 



JFigi, lb. 


(iii) HYPSOR^ 



fig* lc > LOOKBESSEli loohe at F (which is, by now,, a F. (,) r 
and -therefore a Bessel Function! and determines which'"'parti¬ 
cular Bessel Function best fits the parameters. 

MOUPOBBF (predicate) examines the lk B" listf T is returned if 
none of the members are 0 or a negative integer; otherwise NIL, 




































(iv) HYPSORT! 



Fig , la . LOOKlpl is a recognition package for |Fi (*) which 
attempts to identify F in a ligt of known representations 
{see Xfi ), above) . 


(V) HYPSQRT2 



Fig t la . LOOK^Flt like LOGKlFl, but for F (.) fsee 
x(ii) ( above) . ■ ■*■ 



















(vi) HYP50RT3 



Pig. If , NOHPOEAP {predicate) is identical to NOKPOgBP, 
except operates an "A" list, 

FLANKABF {predicate) flags members of tooth '"A" and "B M lists 
which are 0 or a negative integer? returns T if all such mein- 
bera of ,P A“ list are greater than all such members of "B" 
list; otherwise NIL„ 


Some fragments of this package and of others have toeen coded 
and appear to work satisfactorily. The most difficult problems in 




























the programming area are anticipated to lie in the interfacing 
with the present toATKLAB, particularly in the "simplification" 
procedures, and in designing conventions for 1/0 which are effi“ 

■cient from the point of view of both the user and the system. 

Most of these problems have not yet been considered in detail, 
although none of them appear insurmountable at present„ At the 
moment r other more urgent problems are at hand,, so that this work 
will have to be suspended temporarily. 

xr; ■ Cone lug iphs 

The purpose of this report has been to introduce the reader to 
Hypergeometric Functions as painlessly as possible, and to give 
sane indication of the strengths and weaknesses of the Hypergeometric 
Formulation. 

Its power arises from its generality and the fact that if 
enables one to deal with a much wider class of functions than can 
be handled at present, and to do so in a unified manner. The several 
more-or-less detailed examples which are scattered throughout the 
text were chosen to support this contention. 

On the Other hand, implementing these techniques presents a 
large number of systems and programming problems* and it would be 
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difficult at the present time to predict hew much time and effort 
would be required to solve them. Furthermore, such a package would 
probably be costly in terms of core and running time, but that i« 
of secondary importance. 

It is this writer"e firm belief that if HATHLAB is in the 
future to appeal to a wide variety of users, from freshman calculus 
student to theoretical physicist, it will have to eventually incor¬ 
porate some or all of the methods outlined in this report* There 
is literally no other sensible way of dealing with Higher Trans-- 
cendental Functions efficiently within the confines of a finite 
system* 

Perhaps this study is premature, inasmuch as there are bugs 
in the present system which must be eliminated, as well as some 
new foundation blocks to be incorporated before attempting to build 
in the Hypergeometric Function methods* At least, these have now 
been documented for future reference and a promising direction for 
research has been provided. 
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